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Abstract
We use a variational approach to determine explicitly all the 7-dimensional rank-one Einstein solvmanifolds. We
prove that each one of the 34 nilpotent Lie algebras of dimension 6 admits a rank-one solvable extension which
can be endowed with an Einstein left-invariant Riemannian metric. This also produces 34 Ricci soliton metrics on
R
6 which are homogeneous.
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1. Introduction
It has been conjectured that any noncompact nonflat homogeneous Einstein space is a solvmanifold,
that is, a solvable Lie group S endowed with a left invariant Riemannian metric. This is known in the
literature as the Alekseevskii conjecture, and it is still open (see [2, 7.57]). Moreover, at this time, all
known examples of Einstein solvmanifolds are standard, and it is proved in [6, 4.18] that the study of
standard Einstein solvmanifolds reduces to the algebraic rank-one case (i.e., dima= 1). Recall that S is
called standard if a= n⊥ is abelian, where s is the Lie algebra of S and n= [s, s].
We shall often identify a left invariant metric on a Lie group G with the corresponding metric Lie
algebra (g, 〈·, ·〉), where 〈·, ·〉 is the inner product determined by the metric. Given a metric nilpotent Lie
algebra (n, 〈·, ·〉), a metric solvable Lie algebra (s = a⊕ n, 〈·, ·〉′) is called a metric solvable extension
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308 C. Will / Differential Geometry and its Applications 19 (2003) 307–318of (n, 〈·, ·〉) if the restrictions of the Lie bracket of s and the inner product 〈·, ·〉′ to n coincide with the
Lie bracket of n and 〈·, ·〉 respectively. It turns out that for any (n, 〈·, ·〉) there exists a unique rank-one
metric solvable extension of (n, 〈·, ·〉) with possibilities of being Einstein (see [9]). This fact turns the
study of rank-one Einstein solvmanifolds into a problem on nilpotent Lie algebras. More specifically, a
nilpotent Lie algebra n is the nilradical of a standard Einstein solvmanifold if and only if n admits an
inner product 〈·, ·〉 such that Ric〈·,·〉 = cI +D for some c ∈R and D ∈Der(n), where Ric〈·,·〉 is the Ricci
operator of (N, 〈·, ·〉). This is equivalent to (N, 〈·, ·〉) being a Ricci nilsoliton and such a left invariant
metric is unique up to isometry and scaling (see [8]).
It is proved in [10] that any nilpotent Lie algebra of dimension  5 admits an Einstein solvable
extension. The aim of this paper is to prove that the same is true for any of the 34 nilpotent Lie algebras
of dimension 6, obtaining then a classification of all 7-dimensional rank-one Einstein solvmanifolds.
We use the variational method given in [9] to get explicitly the metrics and also their corresponding
eigenvalue types defined in [6], which are precisely the derivations one needs to construct the Einstein
solvmanifolds (see Remark 3.2 concerning 8-dimensional Einstein solvmanifolds).
In view of [8], we are also giving explicit examples of 34 Ricci nilsoliton metrics on R6 which are
homogeneous. Such metrics are precisely those Ricci solitons on R6 which are invariant under some
transitive nilpotent Lie group of isometries.
2. Rank-one Einstein solvmanifolds as critical points
Einstein solvmanifolds have been extensively studied by Jens Heber in [6], who obtained remarkable
structure and uniqueness results. If a solvmanifold S is Einstein, then for some distinguished element
H ∈ a, the eigenvalues of adH |n are all positive integers without common divisors, say k1 < · · ·< kr . If
d1, . . . , dr denote the corresponding multiplicities, then the tuple
(1)(k;d)= (k1 < · · ·< kr;d1, . . . , dr)
is called the eigenvalue type of S. In every dimension, only finitely many eigenvalue types occur. Let
M be the moduli space of all the isometry classes of N -dimensional Einstein solvmanifolds with scalar
curvature equal to −1. The subspaceMst of those which are standard is open inM (C∞-topology). Each
eigenvalue type (k;d) determines a compact subsetM(k;d) ofMst, homeomorphic to a real semialgebraic
set.
We now overview some results given in [9], where the rank-one Einstein solvmanifolds and the
left invariant metrics on nilpotent Lie groups which are (homothetic) Ricci solitons are simultaneously
characterized as the critical points of certain natural functional. We fix an inner product vector space(
s=RH ⊕ n, 〈·, ·〉), with 〈H,n〉 = 0, 〈H,H 〉 = 1,
where n is a real vector space of dimension n. The metric Lie algebra of any (n+ 1)-dimensional rank-
one solvmanifold S can be modeled on (s= RH ⊕ n, 〈·, ·〉) for some nilpotent Lie algebra µ on n and
some D ∈Der(µ). Indeed, these data define a solvable Lie bracket [·, ·] on s by
(2)[H,X] =DX, [X,Y ] = µ(X,Y ), X,Y ∈ n,
and S is then the corresponding simply connected Lie group with Lie algebra (s, [·, ·]) endowed with
the left invariant Riemannian metric determined by 〈·, ·〉. A crucial point of this variational approach is
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being Einstein (if µ is not graded then Dµ = 0). Thus we can associate to each nilpotent Lie algebra µ
on n a distinguished rank-one solvmanifold Sµ, defined by the data µ,Dµ, which is the only one with
possibilities of being Einstein among all the metric rank-one solvable extensions of (µ, 〈·, ·〉).
Note that conversely, any (n+ 1)-dimensional rank-one Einstein solvmanifold is isometric to Sµ for
some nilpotent Lie bracket µ, since we can assume, without any loss of generality, that adH is symmetric
(see [6, 4.10]). Thus the set Nn of all nilpotent Lie brackets on n parametrizes a space of (n + 1)-
dimensional rank-one solvmanifolds
{Sµ: µ ∈Nn},
containing, of course strictly, all those which are Einstein. Nn is an algebraic subset of V =Λ2n∗ ⊗ n,
the vector space of all bilinear skew-symmetric maps from n× n to n, since the Jacobi and nilpotency
conditions are both polynomial. There is a natural action of GL(n) on V given by
φ.µ(X,Y )= φµ(φ−1X,φ−1Y ), X,Y ∈ n, φ ∈GL(n), µ ∈ V,
and thus isomorphic Lie algebra structures lie in the same GL(n)-orbit. Note that Nn is GL(n)-invariant.
Two solvmanifolds Sµ and Sλ with µ,λ ∈Nn are isometric if and only if there exists φ ∈O(n) such that
φ.µ= λ (see [1] or [9, Proposition 4]).
Let Nµ denote the simply connected nilpotent Lie group with Lie algebra (n,µ) endowed with the left
invariant Riemannian metric determined by 〈·, ·〉|n×n. The Ricci operator Ricµ :n→ n of Nµ is given by
〈RicµX,Y 〉 = −12
∑
ij
〈
µ(X,Xi),Xj
〉〈
µ(Y,Xi),Xj
〉
(3)+ 1
4
∑
ij
〈
µ(Xi,Xj),X
〉〈
µ(Xi,Xj), Y
〉
,
for all X,Y ∈ n, where {X1, . . . ,Xn} is any orthonormal basis of n. Notice that Ricµ can be formally
defined as above for every µ ∈ V . The inner product 〈·, ·〉|n×n determines naturally an inner product on
V , denoted also by 〈·, ·〉 and given by
(4)〈µ,λ〉 =
∑
ijk
〈
µ(Xi,Xj),Xk
〉〈
λ(Xi,Xj),Xk
〉
.
Consider the Riemannian functional
Fn :V →R, Fn(µ)= tr Ric2µ
and the sphere of V given by S= {µ ∈ V : ‖µ‖ = 1}.
Theorem 2.1 [9]. For µ ∈Nn ∩ S, the following statements are equivalent:
(i) Sµ is Einstein.
(ii) µ is a critical point of Fn : S →R.
(iii) µ is a critical point of Fn : GL(n).µ∩ S →R.
(iv) Ricµ ∈RI ⊕Der(µ).
(v) Nµ is a Ricci nilsoliton.
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certain candidate obtained by a partial variational approach is actually a critical point. The derivation
which eventually appears in this condition is precisely that used to define the eigenvalue type of
the Einstein solvmanifold (see (1)). We refer to [8] for more information about condition (v). Recall
that the abelian case µ = 0 is not contained in the theorem, but it is very well understood (see [6,
Proposition 4.9]).
3. Seven-dimensional Einstein solvmanifolds
The goal of this section is, by applying the variational method described in Section 2 to the case n= 6
and some results from [10], to classify the seven-dimensional rank-one Einstein solvmanifolds.
First of all, we give in Tables 1 and 2 a complete list up to isomorphism of all non-abelian six-
dimensional nilpotent Lie algebras over the real numbers (see [12, pp. 331]). We fix from now on a basis
{x1, x2, x3, x4, x5, x6} of the real vector space n. As an example to understand the notation used in the
tables, we will say that µ= (0,0,0,21/2 · 12,13,21/2 · 14 + 23) represents the Lie bracket in which the
only non zero products are given by
µ(x1, x2)=
√
2x4, µ(x1, x3)= x5, µ(x1, x4)=
√
2x6, µ(x2, x3)= x6.
We will find explicitly a critical point of F6 : S → R in each of the 33 orbits, and will calculate their
eigenvalue types.
Theorem 3.1. For any i = 1, . . . ,33 there exists µ′i ∈ GL(6).µi such that µ′i/‖µ′i‖ is a critical point of
F6 : S → R. Such critical points and the eigenvalue types of the corresponding Einstein solvmanifolds
are as in Tables 3 and 4. The isomorphisms φi between µi and µ′i (i.e., µ′i (X,Y )= φiµi(φ−1i X,φ−1i Y )
for all X,Y ∈ n) different from the identity (i.e., µi = µ′i ) are listed in Table 5, except for φ11 and φ20,
which are given in (5) and (6).
Table 1
6-dimensional nilpotent Lie algebras: 4 and 5 step
No µi ⊕ Steps
1 (0,0,12,13,14 + 23,34 + 52) 5
2 (0,0,12,13,14,34 + 52) 5
3 (0,0,12,13,14,15) 5
4 (0,0,12,13,14 + 23,24 + 15) 5
5 (0,0,12,13,14,23 + 15) 5
6 (0,0,12,13,23,14) 4
7 (0,0,12,13,23,14 − 25) 4
8 (0,0,12,13,23,14 + 25) 4
9 (0,0,0,12,14 − 23,15 + 34) 4
10 (0,0,0,12,14,15 + 23) 4
11 (0,0,0,12,14,15 + 23+ 24) 4
12 (0,0,0,12,14,15 + 24) 1+ 5 4
13 (0,0,0,12,14,15) 1+ 5 4
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6-dimensional nilpotent Lie algebras: 2 and 3 step
No µi ⊕ Steps
14 (0,0,0,12,13,14 + 35) 3
15 (0,0,0,12,23,14 + 35) 3
16 (0,0,0,12,23,14 − 35) 3
17 (0,0,0,12,14,24) 1+ 5 3
18 (0,0,0,12,13 + 42,14 + 23) 3
19 (0,0,0,12,14,13 + 42) 3
20 (0,0,0,12,13 + 14,24) 3
21 (0,0,0,12,13,14 + 23) 3
22 (0,0,0,12,13,24) 3
23 (0,0,0,12,13,14) 3
24 (0,0,0,12,13,23) 2
25 (0,0,0,0,12,15 + 34) 3
26 (0,0,0,0,12,15) 1+ 1+ 4 3
27 (0,0,0,0,12,14 + 25) 1+ 5 3
28 (0,0,0,0,13 + 42,14 + 23) 2
29 (0,0,0,0,12,14 + 23) 2
30 (0,0,0,0,12, ,34) 3+ 3 2
31 (0,0,0,0,12,13) 1+ 5 2
32 (0,0,0,0,0,12 + 34) 1+ 5 2
33 (0,0,0,0,0,12) 1+ 1+ 1+ 3 2
We recall that, in order to construct the Einstein solvmanifold Sµ from the knowledge of the critical
point µ/‖µ‖ and its eigenvalue type, one may use [10, Corollary 3.2].
Remark 3.2. (i) Most of the Lie algebras µ′i admit at least one symmetric derivation which is linearly
independent and commutes with Dµ′i . Following [6, 4.18], this can be used to construct all the 8-
dimensional Einstein solvmanifolds of rank two.
(ii) The next step in the explicit classification of rank-one Einstein solvmanifolds is really hard. There
are more than one hundred 7-dimensional graded nilpotent Lie algebras besides some continuous families
depending on one parameter.
From the tables one can see that µ12, µ13, µ17, µ26, µ27, µ31, µ32, and µ33 correspond to the direct
sum of a 5-dimensional nilpotent Lie algebra and an abelian factor. These cases follow then from [10,
Proposition 3.3] and [10, Theorem 5.1]. On the other hand, one can see that the Lie algebras µ3 and µ23
have an abelian ideal with codimension one and then we use [10, Theorem 4.2].
The variational approach has been applied to the 23 remaining cases. We will consider in detail only
two cases. The first one, µ19, is a typical example of the procedure and the second one, µ11, is a special
case due to the fact that the corresponding Ricci operator is not diagonal with respect to our fixed basis.
It is also the case for µ20, for which we can proceed in an entirely analogous way.
It should be noticed that, independently from how the critical points µ′i were found, one can show by
a very simple computation that the solvmanifolds Sµ′i are Einstein spaces, by checking for instance that
condition (iv) in Theorem 2.1 holds.
312 C. Will / Differential Geometry and its Applications 19 (2003) 307–318Example 3.3. In order to show that GL(6).µ19 contains a critical point of F6 : S → R, we consider for
each positive numbers a, b, c, d ∈R, the skew symmetric bilinear form µ=µ(a, b, c, d) defined by
µ(x1, x2)= ax4, µ(x1, x4)= bx5, µ(x1, x3)= cx6, µ(x4, x2)= dx6.
We will first find a sort of candidate by computing a critical point of F6 restricted to the set
{µ(a, b, c, d): a, b, c, d ∈ R>0} ∩ S, and after that, we will use the characterization given in Theorem
2.1(iv) to see that such a point is really a critical point of F6.
By the definition (see (3)), we can see that Ricµ equals the diagonal matrix
Ricµ = 12


−a2 − b2 − c2
−a2 − d2
−c2
a2 − b2 − d2
b2
c2 + d2

 .
We then obtain that ‖µ‖2 =−4 tr Ricµ = 2(a2 + b2 + c2 + d2) and
F6(µ)= tr Ric2µ = h(a, b, c, d)
= 1
4
((
a2 + b2 + c2)2 + (a2 + d2)2 + c4 + (a2 − b2 − d2)2 + b4 + (c2 + d2)2).
By standard methods, it is easy to see that a2 = 4, b2 = d2 = 3, c2 = 1, define a critical point of h
restricted to the leaf a2 + b2 + c2 + d2 = 11. The corresponding µ′ =µ(2,31/2,1,31/2) then satisfies
Ricµ′ = 12


−8
−7
−1
−2
3
4

=−
13
2
I + 1
2


5
6
12
11
16
17

 .
We then obtain that Ricµ′ ∈ RI ⊕ Der(µ′), which implies that Sµ′ is Einstein (see Theorem 2.1(iv)).
Moreover, it is evident that the eigenvalue type of Sµ′ equals (5 < 6 < 11 < 12 < 16 < 17;1, . . . ,1).
Example 3.4. We will consider now the case of µ11, where
µ11(x1, x2)= x4, µ11(x1, x4)= x5, µ11(x1, x5)= x6,
µ11(x2, x3)= x6, µ11(x2, x4)= x6.
By a straightforward calculation one can see that the Ricci operator is given in this case by the following
nondiagonal matrix
Ricµ11 =−
1
2


3
3
1 1
1 1
0


.−3
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Critical points: 4 and 5 step
No Critical point: µ′
i
Eigenvalue type
1
(
0,0, (13)1/2 · 12,4 · 13, (12)1/2 · 14+ 2 · 23, (1< 2 < 3 < 4 < 5 < 7;1, . . . ,1)
(12)1/2 · 34+ (13)1/2 · 52)
2
(
0,0,12,
( 4
3
)1/2 · 13,14,34 + 52) (1< 3 < 4 < 5 < 6 < 9;1, . . . ,1)
3
(
0,0,2 · 12,61/2 · 13,61/2 · 14,2 · 15) (1< 9 < 10 < 11 < 12 < 13;1, . . . ,1)
4
(
0,0, (22)1/2 · 12,6 · 13, (22)1/2 · 14+ (30)1/2 · 23, (1< 2 < 3 < 4 < 5 < 6;1, . . . ,1)
5 · 24+ (30)1/2 · 15)
5
(
0,0,71/2 · 12, ( 152 )1/2 · 13,3 · 14, ( 152 )1/2 · 23+ 2 · 15) (1< 3 < 4 < 5 < 6 < 7;1, . . . ,1)
6 (0,0,12,13,23,14) (1< 2 < 3 < 4 < 5;1,1,1,1,2)
7
(
0,0,2 · 12,51/2 · 13,51/2 · 23,2 · 14− 2 · 25) (1< 2 < 3 < 4;2,1,2,1)
8
(
0,0,2 · 12,51/2 · 13,51/2 · 23,2 · 14+ 2 · 25) (1< 2 < 3 < 4;2,1,2,1)
9
(
0,0,0,
( 5
4
)1/2 · 12,14 − 23, ( 54 )1/2 · 15+ 34) (6< 11 < 12 < 17 < 23 < 29;1, . . . ,1)
10
(
0,0,0,12,
( 5
3
)1/2 · 14,15 + 23) (4< 9 < 12 < 13 < 17 < 21;1, . . . ,1)
11
(
0,0,−( 3517·8)1/2 · 12, ( 2117·2)1/2 · 12, ( 2517·4)1/2 · 14 (1< 2 < 3 < 4 < 5;1,1,2,1,1)
−( 1517 )1/2 · 13, ( 34 )1/2 · 15+ ( 78 )1/2 · 24)
12
(
0,0,0,31/2 · 12,31/2 · 14,21/2 · 15 + 21/2 · 24) (3< 6 < 9 < 11 < 12;1, . . . ,1)
13
(
0,0,0,31/2 · 12,2 · 14,31/2 · 15) (2< 9 < 11 < 12 < 13 < 15;1, . . . ,1)
In order to have a diagonal Ricci operator, we will change µ11 by µ˜= φ.µ11, where
φ =


1√
2
1√
2
1
2 − 12
1
2
1
2
1√
2
1√
2


.
Then µ˜ is given by
µ˜(x1, x2)=−x3 + x4, µ˜(x1, x3)=−x5, µ˜(x1, x4)= x5,
µ˜(x1, x5)= 21/2x6, µ˜(x2, x4)= 2x6.
Now, to find a critical point of F6 : S→R, we consider for each positive numbers a, b, c, d, e, f ∈R,
the skew symmetric bilinear form µ= µ(a, b, c, d, e, f ) defined by
µ(x1, x2)=−a x3 + bx4, µ(x1, x3)=−c x5, µ(x1, x4)= d x6,
µ(x1, x5)= e x6, µ(x2, x4)= f x6.
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Critical points: 2 and 3 step
No Critical point: µ′
i
Eigenvalue type
14
(
0,0,0,31/2 · 12,21/2 · 13,21/2 · 14+ 31/2 · 35) (2 < 3 < 4 < 5 < 6 < 8;1, . . . ,1)
15 (0,0,0,12,23,14 + 35) (1 < 2 < 3;3,2,1)
16 (0,0,0,12,13,14 − 35) (1 < 2 < 3;3,2,1)
17
(
0,0,0,2 · 12,31/2 · 14,31/2 · 24) (5 < 10 < 12 < 15;2,1,1,2)
18
(
0,0,0,21/2 · 12,2−1/2 · 13+ ( 32 )1/2 · 42, (1 < 2 < 3;2,2,2)( 3
2
)1/2 · 14+ 2−1/2 · 23)
19
(
0,0,0,2 · 12,31/2 · 14,13 + 31/2 · 42) (5 < 6 < 11 < 12 < 16 < 17;1, . . . ,1)
20
(
0,0,−12,31/2 · 12,2 · 14,24 − 31/2 · 23) (1 < 2 < 3;2,2,2)
21
(
0,0,0,21/2 · 12,13,21/2 · 14+ 23) (3 < 5 < 6 < 8 < 9 < 11;1, . . . ,1)
22
(
0,0,0,
( 3
4
)1/2 · 12, ( 34 )1/2 · 13,24) (5 < 6 < 9 < 11 < 15 < 16;1, . . . ,1)
23
(
0,0,0,21/2 · 12,13,21/2 · 14) (2 < 5 < 6 < 7 < 8 < 9;1, . . . ,1)
24 (0,0,0,12,13,23) (1 < 2;3,3)
25
(
0,0,0,0,2 · 12,31/2 · 15 + 31/2 · 34) (5 < 8 < 9 < 13 < 18;1, . . . ,1)
26 (0,0,0,0,12,15) (1 < 2 < 3 < 4;1,1,3,1)
27
(
0,0,0,0,21/2 · 12,14 + 21/2 · 25) (3 < 4 < 6 < 7 < 10;1,1,1,2,1)
28 (0,0,0,0,13 + 42,14 + 23) (1 < 2;4,2)
29 (0,0,0,0,12,14 + 23) (3 < 4 < 6 < 7;2,2,1,1)
30 (0,0,0,0,12,34) (1 < 2;4,2)
31 (0,0,0,0,12,13) (2 < 3 < 4 < 5;1,2,1,2)
32 (0,0,0,0,0,12 + 34) (3 < 4 < 6;4,1,1)
33 (0,0,0,0,0,12) (2 < 3 < 4;2,3,1)
A straightforward calculation shows that Ricµ equals the diagonal matrix
Ricµ =−12


a2 + b2 + c2 + d2 + e2
a2 + b2 + f 2
c2 − a2
d2 − b2 + f 2
e2 − c2 − d2
−e2 − f 2

 .
We then obtain that ‖µ‖2 =−4 tr Ricµ = 2(a2 + b2 + c2 + d2 + e2 + f 2) and
F6(µ)= tr Ric2µ = h(a, b, c, d, e, f )
= 1
4
((
a2 + b2 + c2 + d2 + e2)2 + (a2 + b2 + f 2)2 + (c2 − a2)2
+ (d2 − b2 + f 2)2 + (e2 − c2 − d2)2 + (e2 + f 2)2).
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Isomorphisms: µ′i = φi.µi
No φi
1
(
λ
(48)1/4 , λ
2, 1√
2λ
, 2
(12)1/4 ,
√
2λ, (48)
1/4
λ
)
, λ= ( 12169)1/16.
2 (1,1,1, λ,λ,λ), λ= ( 43 )1/2.
3
(
1,1,2, (24)1/2,12,24
)
4 (30)−1/2
(( 5
6
)1/2
, λ,λ2, λ2, λ3, λ3
( 5
6
)1/2)
, λ= (√226 ).
5
(
1,6,71/26, λ,3λ,6λ
)
, λ= 6( 1052 )1/2.
7 & 8 12 (1,1,1, λ,λ,λ), λ=
√
5
2 .
9 (λ,λ,1,1, λ,1), λ= ( 45 )1/4.
10 (λ,1, λ,λ,1, λ), λ= ( 35 )1/4.
12
(
λ2, λ,1,1, 1λ ,
√
2λ
)
, λ= 3−1/6.
13 (1,1,1,
√
3,2
√
3,6)
14 (1,1,1,
√
3,
√
2,
√
6 )
17
(
1, 12 ,1,1,
√
3,
√
3
2
)
18 (1,1,
√
6,
√
2,
√
3,
√
3 )
19
(√3
2 ,
1√
3
, 2√
3
,1, 32 ,1
)
21 (1,1,2,
√
2,2,2)
22
( 2√
3
,1,1,1,1,1
)
23
(
1, 1√
2
,1,1,1,1,
√
2
)
25 (1,1,2,1,2,2
√
3 )
27
(
1, 1√
2
,1,1,1,1,1
)
By standard methods, we can see that all the critical points of h on S are of the form
a2 = 5
32
− t, b2 = 1
16
+ t, c2 = 5
16
− t, d2 = t, e2 = 3
16
, f 2 = 7
32
,
for some t ∈R.
We want µ to be isomorphic to µ˜. One can see that in order to have a diagonal isomorphism is
necessary and sufficient that√
1
16 + t√
5
32 − t
=
√
5
16 − t√
t
,
and then t = 2517·16 . We therefore obtain
a2 = 35 , b2 = 21 , c2 = 15 , d2 = 25 , e2 = 3 , f 2 = 7 ,
32 · 17 8 · 17 4 · 17 16 · 17 16 32
316 C. Will / Differential Geometry and its Applications 19 (2003) 307–318define a critical point, of h restricted to the leaf a2+b2+c2+d2+e2+f 2 = 15/16, which is isomorphic
to µ˜ (and so to µ11). After multiplying by a convenient scalar, we consider the critical point
µ′11 = µ
((
35
8 · 17
)1/2
,
(
21
2 · 17
)1/2
,
(
15
17
)1/2
,
(
25
4 · 17
)1/2
,
(
3
4
)1/2
,
(
7
8
)1/2)
,
which satisfies
Ricµ′11 =−
1
17 · 16


391
238
85
85
−68
−221


=− 544
17 · 16I +
153
17 · 16


1
2
3
3
4
5

 .
It is easy to check that the matrix on the right of the above expression is a derivation of µ′11. We then
obtain that Ricµ′11 ∈RI⊕Der(µ′11), which implies that Sµ′11 is Einstein (see Theorem 2.1). Moreover, it is
clear that the eigenvalue type of Sµ′11 equals (1 < 2 < 3 < 4 < 5;1,1,2,1,1). The isomorphism between
µ11 and µ′11 is given by
φ11 =


λ
1
λ√
17·8
[√35 −√35
√
84
√
84
]
λ2(120·35)1/2
17·4
λ3
17·4
√
90 · 35


,
(5)where λ=
(
7 · 17
150
)1/4
.
If we consider the case of µ20, after changing µ20 by φ ·µ20, in the same way we did before, we obtain
µ′20 = (0,0,−12,
√
3 · 12,2 · 14,13+√3 · 42),
which satisfies
Ricµ′20 =


−4
−4
1
1
−2

=−7I + 3


1
1
2
2
3

 .−2 3
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4 < 5;1,1,2,1,1). The isomorphism between µ20 and µ′20 is given by
(6)φ20 =


1√
2
1
λ
√
2
1
2
[ 1
λ
− 1
λ
λ λ
]
λ√
2
1√
2


, where λ= 31/4.
We note that the isomorphisms φi between µi and µ′i ; that is, µ′i(X,Y ) = φiµi(φ−1i X,φ−1i Y ), for
all X,Y ∈ n, can be realized by a diagonal element of GL(6), except for the cases of µ11 and µ20. We
can then represent them by 6-tuples which are listed in Table 5. The cases when φi is the identity (i.e.,
µi = µ′i ) have been omitted, and the special cases of µ11 and µ20 are given in Example 3.4 (see (5) and
(6)).
Remark 3.5. From Tables 3 and 4 we can see that the moduli M(k;d) (see Section 2) consists always
of only one point, except for three eigenvalue types, for which it equals {µ′7,µ′8}, {µ′15,µ′16}, {µ′28,µ′30}
respectively. This does not happen in lower dimensions (see [10]).
Remark 3.6. If one prefers to vary inner products instead of Lie brackets, then for each i = 1, . . . ,33 one
can consider the solvmanifold Sµi itself, and hence the inner product 〈·, ·〉i = 〈φi ·, φi ·〉 will determine an
Einstein left invariant metric on Sµi . Indeed, it is easy to see that
(
Sφ.µ, 〈·, ·〉
) φ−1→ (Sµ, 〈φ ·, φ ·〉)
defines an isometry for any µ ∈Nn and φ ∈GL(n).
Remark 3.7. We will finally point out which of the members in Tables 3 and 4 were previously known
as they admit famous metric solvable extensions. There are only three symmetric spaces (see [7]). It
can be proved that the symmetric space SL(4)/SO(4) is a rank three extension of µ15, and that µ2 and
µ15 admit rank two extensions isometric to the (symmetric) quaternionic Kähler spaces G(2)2 /SO(4) and
SU(2,2)/S(U(2)×U(2)), respectively (see [3, Table 1]). On the other hand, it is easy to see that µ28 is
an H -type Lie algebra and then it can be extended to a (non-symmetric) Damek–Ricci space (see [5]).
Finally, we have that µ30 admits two non-symmetric Kähler Einstein extensions (bounded homogeneous
domains) of rank two, one of them irreducible (see [4]) and the other one non-irreducible (see [11]).
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